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Abstract
A $\mathrm{f}\mathrm{i}_{11\mathrm{a}l}1\mathrm{C}\mathrm{e}$ automaton is a sixtuple $<\Sigma$ , Q. $\delta.S,$ $F,$ $f>$ , where $<\Sigma$ . Q. $\delta$ . S. $F>$ is a
finite automaton, $f$ : $Q\mathrm{x}\Sigma \mathrm{x}Q-R\cup\{-\infty\}$ is a finance function. $R$ is the set of real
nulnbers and it holds $f(q, a, q)J=-\infty 1\mathrm{f}\mathrm{f}\sim q’\not\in\delta(q, \mathit{0})$ . The function $f$ is extended to
$f$ : $2^{Q}\mathrm{x}\Sigma^{*}\mathrm{x}2^{Q}arrow R\cup\{-\infty)\}$ by the plus-max principle. For any $u$) $\in\underline{\nabla}^{\pi}$ . $f(S. \mathrm{t}L. F)$ is the
profit of $w$ . It is shown that the equivalence problem of finitely ambiguous finance automata
is decidable.
1 Introduction
A finance automaton is a finite automaton with a finance function. It may be regarded to be
a lnodel $\mathrm{d}\mathrm{e}\mathrm{s}\mathrm{C}\mathrm{r}\mathrm{i}\mathrm{b}\mathrm{i}\mathrm{l}\iota \mathrm{g}$ financial activities. In this paper. we prove decidability of the equivalence
problem of finitely ambiguous finallce automata by reducing the problelll to the problem of
finding integer solutions in $\mathrm{s}\mathrm{i}_{1}11\mathrm{U}\mathrm{l}\mathrm{t}\mathrm{a}11\mathrm{e}\mathrm{o}\mathrm{u}\mathrm{S}$ linear inequalities. We also study several subproblems
and present a different proof to each subproblenl so that the proof is easier if the conlplexity
of the subproblem is easier. The paper consists of five Sections. In Section 2. we present the
definition and elementary properties of finance automata. In Section 3. we present the definitions
of a union finance automaton and a vector finance automaton each of which is composed frolll
a finitely many deterministic finance automata. In Section 4. first we present a proof showing
decidability of the equivalence problem of a union finance automaton and a $\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{i}_{\mathrm{S}}\mathrm{t}\mathrm{i}\mathrm{C}$
finance automaton. Then we show that the inequalitv problem of a union finance $\mathrm{a}\mathrm{u}\mathrm{t}_{011}1\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{n}$
and a deterministic finance automaton is decidable. This implies $\mathrm{d}\mathrm{e}\mathrm{c}\mathrm{i}\mathrm{d}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{v}\backslash$ of the equivalence
$\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\ln$ of union finance $\mathrm{a}\mathrm{u}\mathrm{t}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{a}$ . In Section 5. we present a lluethod for decolluposing a finitely
ambiguous finallce automaton to a union finance automaton. This fact together with results in
Section 4 illlplies decidability of the equivalence problelll of finitely ambiguous finance autolnata.
2 Finance Automata
An alphabet is a nonempty set of svmbols. A word is a finite sequence of svmbols from the
alphabet. A word of zero length is called a null word and denoted by $\lambda$ . $\underline{\nabla}^{*}$ denotes the
set of all words over an alphabet $\underline{\nabla}$ . and $\sim\nabla+$ denotes the set of nonnull words. For a word.
$n’=a_{1}a_{2}\cdots a_{n}(n\geq 0.a_{1}. \cdots.a_{n}\inarrow)\nabla$ . $\uparrow$? is the length of $n’$ . and denoted by $|n$ ) $|$ . The cardinality
of a set $A$ is denoted by $|A|$ . $R$ denotes the set of real nulllbers. $R_{-\infty}$ denotes $R\cup\{-\infty\}$ .
960 1996 23-36 23
2.1 Basic definitions
$\underline{\mathrm{D}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}2.1}$ Afinance automaton (in short, an $\mathrm{F}$-automaton) is a sixtuple $A=<$
$-\nabla,$ $Q,$ $\delta$ , S. $F,$ $f>$ , where
$\underline{\nabla}$ : an input alphabet, $Q$ : a finite set of states, $\delta$ : a transition function
$S$ : the set of initial states, $F$ : the set of final states, $f$ : a finance function
Thus $<\underline{\nabla},$ $Q,$ $\delta,$ $S,$ $F>$ is a finite automatopn. A word $w\in\Sigma^{*}$ is accepted by $A$ if $\delta(S, w)\in F$ .
The finance function $f$ is a mapping from $Q\cross\Sigma\cross Q$ to $R_{-\infty}$ $(f : Q\cross\Sigma\cross Qarrow R_{-\infty})$ . $f$ satisfies
the following.
$\forall(p.a.q)\in Q\cross\underline{\nabla}\mathrm{x}Q,$ $q\not\in\delta(p,$ $a\mathrm{I}\Leftrightarrow f(p, a, q)=-\infty$
In the rest of the paper, a finance automaton is called an F-automaton.
Definition 2.2
(1) $f$ is extended to $f$ : $Q\cross\Sigma^{*}\cross Qarrow R_{-\infty}$ and to $f$ : $2^{Q}\mathrm{x}\Sigma^{*}\cross 2^{Q}arrow R_{-\infty}$ in the following
way.
(1.1) $\forall p,$ $q\in Q,$ $f(p, \lambda, q)=0$ (if $p=q$), $f(p, \lambda, q)=-\infty$ (if $p\neq q$ )
(1.2) $\forall p,$ $q\in Q,$ $\forall w\in\Sigma^{*},$ $\forall a\in\Sigma$ ,
$f(p, wa, q)= \max\{f(p, w, q);+f(q’, a, q)|q’\in Q\}$
Here, for $\forall i\in R_{-\infty},$ $\max\{i, -\infty\}=i$ and $i+(-\infty)=-\infty$ .
(1.3) $\forall t,t’\subset Q,$ $\forall w\in\simeq,$$f \nabla^{*}(t, w, t^{J})=\max\{f(p, u), q)|p\in t, q\in t’\}$
(2) The set of words accepted by $A$ is denoted by $L(A)$ : $L(A)=\{w\in\Sigma^{*}|\delta(S, w)\cap F\neq\emptyset\}$
(3) Tow $F$-automata $A_{1}$ and $A_{2}$ is said to be $\mathrm{L}$-equivalent if $L(A_{1})--L(A_{2})$ .
(4) For $\forall w\in\Sigma^{*},$ $f(S, w, F)$ is the profit of $w$ (by $A$ ). The profit of $w$ is sometimes denoted
by $F(w, A)(=f(S, w, F))$ .
(5) Let $A_{1}$ and $A_{2}$ be two $\mathrm{F}$-automata over the input alphabet $\mathrm{r}\nabla.\mathrm{I}\mathrm{f}\forall u$) $\in\Sigma^{*}$ ,
(5.1) If for any $w\in\underline{\nabla}^{*}$ , it holds $F(n),$ $A_{1})=F(w.A_{2})$ , then $A_{1}$ and $A_{2}\mathrm{a}1^{\backslash }\mathrm{e}$ said to be
equivalent and write $A_{1}\equiv A_{2}$ .
(5.2) If for any $w\in\Sigma^{*}$ , it holds $F(w, A_{1})\geq F(w, A_{2})$ , then $A_{1}$ is said to be equal or greater
than $A_{2}$ , and write $A_{1}\geq A_{2}$ .
(6) An $F$-automaton $A$ is deterministic if the following hold.
For $\forall q\in Q,$ $\forall a\in\Sigma$ , it holds $|\delta(q, a)|\leq 1$ and $|S|\leq 1$ .
When $A$ is deterministic, for $\forall q\in Q,$ $\forall a\in\Sigma,$ $\forall q’\in\delta(q, a)$ , we write $\delta(q, a)=q’$ .
$(,7)$ For any $m\geq 1,$ $m$ deterministic $F$-automata $A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i,fi}>(1\leq i\leq m)$
are said to be disjoint if for $\forall j,$ $k(1\leq j<k\leq m),$ $Q_{j}\cap Q_{k}=\emptyset$ .
It is shown that two deterministic $F$-automata $A_{1}=<\Sigma,$ $Q_{1},$ $\delta_{1},$ $\{s_{1}\},$ $F_{1},$ $f_{1}>$ and $A_{2}=<$
$\Sigma,$ $Q_{2},$ $\delta_{2},$ $\{s_{2}\},$ $F_{2},$ $f_{2}$ $>$ are equivalent iff for all $w\in\Sigma^{*}$ with at most 2 $\mathrm{x}|Q_{1}|\cross|Q_{2}|$ ,
$f(\{_{S_{1}\},F_{1}}w,)=f(\{_{S}2\}, w, F_{2})[4]$ .
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3 Union $F$-automata and vector F-automata
In this section, from a finite set of deterministic $\mathrm{F}$-automata, we define a union F-automata
whose set of states is the union of the set of each deterministic $\mathrm{F}$-automaton, and a vector F-
aotomaton whose set of states is the direct product of the set of each deterministic F-automaton.
3.1 Union F-automata
Definition 3.1 For disjoint $m(m 1)$deterministic $F$-automata, $A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>(1\leq i\leq m)$ , a $\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{o}\mathrm{n}\geq$ F-automaton
$A_{1}\cup\cdot\cdot*\cup A_{m}=<\Sigma,$ $Q,$ $\delta,$ $S,$ $F,$ $f>\mathrm{i}\mathrm{s}$ defined as follows.
(1) $Q=Q_{1}\cup\cdots\cup Qm’ S=\{s_{1}, \cdots, \mathit{8}_{m}\},$ $F=F_{1^{\cup\cdots\cup}}F_{m}$
(2) For $\forall i(1\leq j\leq m),$ $\forall q\in Q_{i},$ $\forall a\in\Sigma$ ,
6 $(q, a)=\delta_{i(q,a})$ and $f(q, a, \delta(q, a))=f_{i}(q, a, \delta i(q, a))$
Propsition 3.1 Let $A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>(1\leq i\leq m)$ be disjoint $m(m\geq 1)$ deter-
ministic $F$-automata. Then for $\forall w\in\Sigma^{*}$ , it holds
$F(w, A_{1} \cup\cdots\cup A_{m})=\max\{F(w, A_{i})|1\leq i\leq m\}$
[Proof] For $\forall w\in\underline{\nabla}^{*},$ $F(w, A1^{\cup}\ldots\cup Am)=f(S, w, F)$ . By definition, for $\forall t,$ $t’\subset Q,$ $\forall w\in\Sigma^{*}$ .
it holds $f(t, u),$ $t’\mathrm{I}=1\mathrm{n}\mathrm{a}\mathrm{x}\{f(p, \mathrm{t}), q)|p\in t, q\in t’\}$ . Thus
$f(S, w, F)$ $=$ $\max\{f(s_{i}, w,p_{i}n)|s_{i}\in S,p_{in}\in F_{\dot{f}}, 1\leq i\leq m\}$
$=$ $\max\{F(w, A_{i})|1\leq i\leq m\}$
Hence $F(w, A_{1} \cup\cdots\cup A_{m})=\max\{F(u" A_{i})|1\leq i\leq m\}$ . $\square$
3.2 Vector F-automata
Definition 3.2 For disjoint $m(m \geq 1)$
deterministic $F$-automata $A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{j},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>(1\leq i\leq m)$ , a vector F-automaton
$V(A_{1}, \cdots, A_{m})=<arrow,$$Q\nabla,$ $\delta,$ $S,$ $F,$ $f>$ is defined as follows.
(1) $Q=Q_{1}\cross\cdots\cross Q_{m},$ $S=\{(s_{1}, \cdots, .\underline{\sigma}_{m})\},$ $F=F_{1}\cross\cdots\cross F_{m}$
(2) For $\forall(p_{1}, \cdots,p\eta)\in Q_{1}\cross\cdots \mathrm{x}Q_{m},\forall a\in\Sigma$,
6 $((p_{1}, \cdots,p_{m}), a)=(\delta_{1}(p_{1}, a),$ $\cdots,$ $\delta m(p_{m}, a))$
$f((p1, \cdots,p_{m}), a, \delta((p_{1}, \cdots,p_{m}), a))=\max\{fi(pi, a, \delta i(p_{i}, a))|1\leq i\leq m\}$
Proposition 3.2 Let $A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>(1\leq i\leq m)$ be disjoint $m(m\geq 1)$
deterministic $F$-automata. Then for $\forall w\in\Sigma^{*},$ $u$) $=a_{1}a_{2}\cdot,$ $.a_{n}(n\geq 1, a_{1}, \cdot\cdot, , a_{n}\in\Sigma)$ , there
exist for each $1\leq j\leq n,$ $\perp\leq i\leq m$ and $p_{i,j-1},pi,j\in Q_{\mathrm{i}}$ with $p_{ij}=\delta_{i}(p_{ij-}1, a_{j})\in Q_{i}(1\leq j\leq\uparrow?\mathrm{I}$
such that it holds $F(w, V(A_{1}, \cdots, A_{m}))=\sum_{j=1}^{n}\max\{f_{\mathrm{i}()}pij-1, aj,pij|1\leq i\leq m\}$ .
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[Proof] For $\forall w\in\Sigma^{*},$ $|u$) $|=n$ , it holds $F(w, V(A_{1}, \cdots, A_{m}))=f(S, w, F)$ . By definition, for
$\forall(p1j-1, \cdots,pmj-1),$ $(p1j, \cdots,pm_{j})\in Q1^{\mathrm{X}\cdots\cross}Qm’\forall a\in\Sigma$ ,
$f((p1_{J}-1, \cdots,pmj-1), a, (p_{1}J’\ldots,\mathrm{P}mj))=\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{f}fi(p_{i_{J}1}-, a,pij)|1\leq i\leq???\}=b_{j}(1\leq j\leq n)$
It also holds for $\forall p,$ $q\in Q,$ $\forall v\in\Sigma^{*},$ $\forall a\in\Sigma$ ,
$f$ ( $p$ , va, $q$ ) $= \max\{f(p, v, q’)+f(q’, a, q)|q’\in Q\}$
Thus
$f(S, w, F)=b1+ \cdots+b_{n}=\sum_{i=1}nb_{j}=\sum_{j=1}^{n}\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{f}fi(pij-1, a_{j},pij)|1\leq i\leq 7?\mathit{1}\}$
Hence $F(w, V(A_{1}, \cdots, A_{m}))=\sum_{j=1}\mathrm{n}n1\mathrm{a}\mathrm{x}\{f_{i}(pii-1, aj,pii)|1\leq j\leq m\}$ . $\square$
3.3 Properties of union $F$-automata and vector F-automata
It is shown [4] that for disjoint $m(m\geq 1)$ deterministic $F$-automata $A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>$
$(1\leq i\leq m)$ , the union $F$-automaton $A_{1}\cup\cdots\cup A_{m}$ and the vector $F$-automaton $V(A_{1}, \cdots , A_{m})$
are equivalent iff for any $w\in\Sigma^{*}$ with length less than or equal to $(m+1)\cross|Q_{1}|\cross\cdots\cross|Q_{m}|$ ,
it holds
$F(w, A_{1}\cup\cdots\cup Am)=F(w, V(A_{1}, \cdots, A_{m}))$
4 The equivalence problem of union F-automata
In this section, we show the equivalence problem of union $\mathrm{F}$-automata is decidable.
4.1 The equivalence problem of $A_{1}\cup\cdots\cup A_{n}$ and $A_{n+1}$
We shall first present an $\mathrm{a}_{0\Gamma \mathrm{i}}\mathrm{t}\mathrm{h}\ln$ for deciding whether for $n\geq 1$ , a union $\mathrm{F}$-automaton $A_{1}\cup\cdots\cup$
$A_{n}$ and a deterministic $\mathrm{F}$-automaton $A_{n+1}$ are equivalent. Let $n\geq 1$ and for each $1\leq i\leq n+1$ ,
$A_{i}=<\underline{\nabla},$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $fi)$ be a deterministic $\mathrm{F}- \mathrm{a}\mathrm{u}\mathrm{t}_{01\mathrm{n}\mathrm{a}}\mathrm{t}_{\mathrm{o}\mathrm{n}}$ .
Definition 4.1 A finite automaton $\Gamma(A_{1}, \cdots, An+1)=<\Sigma,$ $Q,$ $\delta,$ $\{s\}.F>\mathrm{i}\mathrm{s}$ defined as follows.
(1) $Q=Q_{1}\mathrm{x}\cdots \mathrm{x}Qn+1,$ $S=(_{S_{1}}, \cdots, sn+1),$ $F=F_{1}\cross\cdots\cross F_{n+1}$
(2) for $\forall a\in\Sigma,$ $\forall(q_{1}, \cdots, q_{n}+1)\in Q_{1}\cross\cdots\cross Qn+1$ ,
6 $((q1, \cdots, q_{n+}1), a)=(\delta 1(q_{1}, a),$ $\cdots,$ $\delta+1(nqn+1, a))$
$\underline{\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}4.1}$ Assume that $A_{1}\cup\cdots\cup A_{n}$ $\equiv$ $A_{n+1}$ . Then for $\forall x,$ $z$ $\in$ $\Sigma^{*}$ , $y$ $\in$
$\Sigma+,$ $(q_{1}, \cdots, q_{n+1})\in Q$ , if $\delta(s, x)=\delta(s, xy)=(q_{1}, \cdots, q_{n+1})$ and $\delta(s, xyz)\in F$ , then there
exists $1\leq i\leq n$ for which the following (1)$-(.3)$ hold.
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(1) $F(xyz, A_{1}\cup\cdots\cup A_{n})=F(xy_{ZA},i)=F(xyz, An+1)$
(2) $F(xz, A_{1}\cup\cdots\cup A_{n})=F(xz, A_{i})=F(xz, A_{n}+1)$
(3) $f_{i}(q_{i}, y, q_{i})= \max\{f_{j(}qj, y, q_{J})|1\leq j\leq n\}=f_{n+1(}qn+1,$ $y,$ $q_{n}+1)$
[Proof] We put $a=11\mathrm{u}\mathrm{a}\mathrm{X}\{fi(qi\cdot y, q_{i})|1\leq i\leq 7?\}$ and $b=F(xy_{Z}.A_{1}\cup\cdots\cup A_{n})$ . Define two
sets $X,$ $Y$ by $X=$ { $i|1\leq i\leq n$ a $7?dfi(q_{i},$ $y.q_{i})=a$ } . $Y=$ { $i|1\leq?$ $\leq?l$ and $F(xy_{Z}.A_{i})=b$ }.
Since $A_{1}\cup\cdots\cup A_{n}\equiv A_{n+1}$ , it holds $b=F(xyz, A_{n+}1)$ . Put $c= \max\{F(xyZ.A_{i})|i\in X\}$ . and
define a set $W$ by $W=\{i\in X|F(xy\mathcal{Z}, Ai)=c\}$ . We consider the following two cases.
(i) $b=c$ . It holds $X\cap Y=W$ and for any $i\in X\cap Y,$ $a=f_{i}(q_{i}, y, q_{i})$ and $c=F(xy_{Z,A}i)=$
$F(xy_{Z}, A_{1}\cup\cdots\cup A_{n})$ . It is clear that $F(xz, A_{i})=c-a=F(xz, A_{1}\cup\cdots\cup A_{n})$ . Moreover
$A_{1}\cup\cdots\cup A_{n}\equiv A_{n+1}$ . Hence for any $j\in W,$ (1)$-(3)$ hold.
(ii) $b\neq c$ . Clearly $b>c$ . Put $d= \max\{fi(q_{i}, y, q_{i})|i\in Y\}$ . Since $b>c$ , it holds
$d<a$ . For each $k>(b-d+a-c)/(a-d)$ , consider the word $w=xy^{k}z$ . Then for
each $j\in W.$ $F(xy^{k_{Z,A}}1\cup\cdots\cup A_{n})=F(xy^{k}z, Ai)$ . Since $F(xz, A_{n}+1)=F(xz.A_{1}\cup$
$...\cup A_{n})$ , $F(\backslash xz, A_{n+}1)>F(xz.Ai\mathrm{I}$ . Together with this fact and $F(xy_{Z.A_{n+1}})=b$ . we
have $fn+1(qn+1, y, qn+1)<a$ . If we consider a sufficiently large $k$ , it would hold for each
$i\in W,$ $F(xy^{k}z, An+1)<F(xy^{k_{Z,A}}i)=F(xy^{k_{Z,A}}1\cup\cdots\cup A_{n})$ . This is a contradiction to
$A_{1}\cup\cdots\cup A_{n}\equiv A_{n+1}$ . Thus the case $b\neq c$ is impossible. $\square$
We shall present a necessary and sufficient condition $\mathrm{f}\mathrm{o}\mathrm{r}A_{1}\cup\cdots\cup A_{n}$ and $A_{n+1}$ to be equivalent.
Theorem 4.1 Let $A_{i}’=<\sim\nabla,$ $Q_{i}.\delta_{i},$ $\{.\underline{\sigma}_{\mathrm{i}}\}.F_{i},$ $fi>(1\leq\uparrow\leq n+1, n\geq 1)$ be $n+1$ deterministic
$\mathrm{L}$-equivalent $F$-automata, and let $\Gamma(A_{1}.\cdots , A_{n+1})$ be as in Definition 4.1. Then the following
four conditions are equivalent.
(1) $A_{1^{\cup\cdots\cup}}A_{n}\equiv A_{n+1}$
(2) For any $u’\in\underline{\nabla}^{*},$ $F(u).A_{1}\cup\cdots\cup A_{n})=F(n),$ $A_{n}+1)$
(3) For any $w\in\Sigma^{*}$ with length $\leq.3\cross(n+1)\cross|Q_{1}|\cross\cdots\cross|Q_{n+1}|$ , the following (A) holds.
(A): For $\forall x,$ $y,$ $z\in\nabla^{*}\mathrm{A},$ $(q_{1}, \cdots, q_{n}+1)\in Q$ , if $w=xyz,$ $\delta(s.x)=\delta(s, xy)=(q_{1}.\cdots, q_{n})$
and $\delta(s, xyz)\in F$ , then there exists $1\leq j\leq n$ such that the folowing $(3.1)-(3.3)$
hold.
(3.1) $F(xy_{Z}, A_{1}\cup\cdots\cup A_{n})=F(xy_{Z,A}i)=F(xyz.A_{n+}1)$
(3.2) $F(\backslash \tau z, A_{1}\cup\cdots\cup A_{n})=F(xz, A_{i})=F(x\approx.A_{n+1})$
(3.3) $fi(qi, y, qi)= \max\{f_{\dot{j}}(q_{j}, y, qj)|1\leq j\leq??\}=f_{n+1}(q_{n+1}, y, qn+1)$
(4) For any $w\in\Sigma^{*}$ , the following (B) holds.
(B): For $\forall x,$ $y,$ $z\in \mathrm{r}\nabla^{*},$ $(q_{1}, \cdots, q_{n+1})\in Q$ , if $w=xyz,$ $\delta(s, X)=\delta(s, xy)=(q_{1}, \cdots.q_{n})$
and $\delta(s, xyz)\in F$ , then there exists $1\leq j\leq n$ such that the following $(4.1)-(4.3)$
hold.
(4.1) $F(xyz, A_{1}\cup\cdots\cup A_{n})=F(xyZ, Ai)=F(xy\approx.A_{n+1})$
(4.2) $F(xz, A_{1}\cup\cdots\cup A_{n})=F(xz, A_{i})=F(xz, An+1)$
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(4.3) $f_{i}(q_{i}, y, q_{i})= \max\{f_{j(}q_{j}, y, qj)|1\leq j\leq n\}=f_{n+}1(qn+1, y, qn+1)$
[Proof] (1) $\Leftrightarrow(2)$ is clear. (1) $\Rightarrow(3)$ follows from Proposition 4.1. (3) $\Rightarrow(4)$ . Assume (3)
holds. We shall prove (4) by induction on $|w|$ . Put $c=3\cross(n+1)\cross|Q_{1}|\cross\cdots\cross|Q_{n+1}|$ . When
$|w|\leq c,$ $(\mathrm{B})$ holds. Let $k>c$ , and assume that for $|w|<k,$ $(\mathrm{B})$ holds. Consider the case $|w|=k$ .
Assume that for $w=xyz$ and $(q_{1}, \cdots, q_{n}+1)\in Q$ , it holds 6 $(s, x)=\delta(s, xy)=(q_{1}, \backslash "\cdot, q_{n})$ and
$\delta(s, xyz)\in F$ . Since $|u$) $|>c$ , it holds $|x|\geq c/3$ , or $|y|\geq c/3$ or $|z|\geq c/3$ .
First consider the case $|y|\geq c./3$ . By the definition of $c,$ $y$ has a decomposition $y=$
$y0y_{1}\cdots yn+2,$ $y_{0},$ $y_{n+2}\in\underline{\nabla}^{*}$ . $y_{i}\in\underline{\nabla}+(1\leq i\leq n+1)$ such that for some $(p_{1}, \cdots,p_{n+1})\in Q$ ,
$\delta(s.xy0)=\delta(s, xy0y1)=$ ... $=\delta(S,$ $Xy0y_{1y_{n+})}5\cdot\cdot 1\cdot$ For each 1 $\leq$ ? $\leq n+1$ , put $v_{i}=$
$y_{1}\cdots y_{i-1}y_{i}+1\ldots y_{n}+1$ .
Consider the case $i=1$ . $v_{1}=y_{2}y_{3}\cdots y_{n+}1$ . By the inductive hypothesis, for $x_{1}’=xy_{0},$ $y_{1}’=$
$v_{1},$ $z_{1}’=y_{n+2}z$ , there exists $A_{i_{1}}$ to which (B) holds. The set of such $A_{i_{1}}$ is denoted by $X_{11}$ .
Next for $x_{2}’=xy_{0},$ $y_{2}’=y_{2}$ . $z_{2}’=y_{3}y_{4}\cdots yn+2^{Z}$ , there exists $A_{i_{2}}$ satisfying (B). The set of such
$A_{i_{9}}\sim$ is denoted by $X_{12}$ . Clearly $X_{12}\subseteq X_{11}$ . Each $A_{j}$ belonging to $X_{12}$ has the maximum profits
at $y_{2},$ $y_{3}y_{4}\cdots yn+1$ , and $xy0yn+2^{Z}$ . Then for $x_{3}’=xy_{0},$ $y_{3}’=y_{3},$ $z_{3}’=y_{4}y5\ldots y_{n+2}z$ , there exists
$A_{i_{3}}$ satisfying (B). The set of such $A_{i_{3}}$ is denoted by $X_{13}$ . Then $X_{13}\supseteq X_{12}$ . By continuing this
argument, each $A_{j}$ belonging to $X_{12}$ has the nlaximum profits at $y_{2},$ $y_{3}y_{4}\cdots yn+1$ , and $xy_{0}y_{n+2^{Z}}$ .
In the same way, for each $2\leq i\leq n$ , the set $X_{i_{2}}$ can be defined. Then there exist $1\leq p<$
$q\leq n+1$ and $1\leq r\leq n$ such that $A_{r}\in X_{p_{2}}\cap X_{q2}$ holds. This implies $A_{r}$ has the maximum
profits at $y_{1},$ $y_{2},$ $\cdot**,$ $yn+1$ , and $xy0yn+2^{Z}$ , i.e., $A_{r}$ satisfies (B).
When $|x|\geq c/3$ , if $y=\lambda$ , then we consider $x=x_{0}x_{1}$ , .. $x_{n+1^{X}}n+2,$ $\delta(s, x_{0})=\delta$ ( $s,$ XOXl) $=$... $–\delta(s, x0x_{1}\cdots xn+1)(x_{i}\in\Sigma^{+}, 1\leq i\leq.n+1)$ and the argument is similar to $|y|\geq c/3$ .
If $y\neq\lambda$ , we consider $x=x_{0}x_{1}\cdots XX_{n}n+1,$ $\delta(s, x_{0})=\delta(s, x\mathit{0}^{X}1)=\cdots=\delta(\cdot\underline{\sigma}, x0x1 , .X)n$
$(x_{i}\in\Sigma^{+}, 1\leq i\leq n)$ and $y$ (in sum, $n+1$ subwords), and the argument is similar to $|y|\geq c/\cdot 3$ .
The case $|z|\geq c/3$ can be handled in the same way. Thus (3) $\Rightarrow(4)$ is proved. (4) $\Rightarrow(2)$ is
clear. This completes the proof of Theorem 4.1. $\square$
The following theorem is now clear.
Theorem 4.2 Given
$n+1L$-equivalent deterministic $F$-automata $A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>(1\leq i\leq n+1)$ ,
one can decide whether or not $A_{1}\cup\cdots\cup A_{n}\equiv A_{n+1}$ holds.
4.2 The equivalence problem of $A_{1}\cup\cdots\cup A_{m}$ and $A_{m+1}\cup\cdots\cup A_{m+n}$
In this subsection, we shall show decidability of the equivalence problem of union F-automata.
4.2.1 Preriquisites
Proposition 4.2 For $m$ $+$ $n(m, n \geq 1)$ deterministic
$F$-automata $A_{k}=<\Sigma,$ $Q_{k},$ $\delta_{k},$ $\{s_{k}\},$ $F_{k},$ $fk>(1\leq k\leq m+n)$ , the following two conditions
are equivalent.
(1) $A_{1}\cup\cdots\cup A_{m}\equiv Am+1^{\cup}\ldots\cup A_{m+n}$
(2) For each 1 $\leq i\leq m,$ $A_{i}\leq A_{m+1}\cup\cdots\cup A_{m+n}$ and for each $m+1\leq j\leq m+n$ ,
$A_{j}\leq A_{1^{\cup\cdots\cup}}A_{m}$
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4.2.2 The inequality problem of union F-automata
Definition 4.3 The following problem is called the inequality problem of union F-automata.
Problem input : $n+1(n\geq 1)$ deterministic F-automata
$A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>(1\leq i\leq n+1)$ .
output : if $A_{1}\cup\cdots\cup A_{n}\geq A_{n+1}$ , then ”yes”.
if $A_{1}\cup\cdots\cup A_{n}\not\geq A_{n+1}$ , then ”no”.
Definition 4.4 For $n+1(n\geq 1)$ deterministic $F$-automata $A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>$
$(1\leq i\leq n+1)$ , define a deterministic finite automaton $\Pi(A_{1}, \cdots, A_{n+1})=<\Sigma,$ $Q,$ $\delta,$ $\{s\},$ $F>$
as follows.
(1) $Q=Q_{1}\cross\cdots\cross Q_{n+1},$ $s=(s_{1}, \cdots, s_{n+}1)$
(2) For $\forall a\in\Sigma,$ $\forall(p_{1}, \cdot’\cdot , p_{n+1})\in Q$ ,
$\delta((p_{1}, \cdots,pn+1), a)=(\delta 1(p1, a),$ $\cdots,$ $\delta n+1(pn+1, a))$
(3) $F=(F_{1}\cross Q_{2}\cross\cdots \mathrm{x}Q_{n+1})\cup(Q_{1}\cross F_{2}\mathrm{x}Q_{3}\cross\cdots \mathrm{x}Q_{n+1})\cup\cdots\cup(Q_{1}\mathrm{x}\cdots\cross Q_{n^{\chi F}n}+1)$
Proposition 4.3 For
any $n+1(n\geq 1)$ deterministic $F$-automata $A_{i}=<\underline{\nabla},$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>(1\leq i\leq n+1)$ .
it holds $L(\Pi(A_{1}, \cdots , A_{n+1}))=L(A_{1})\cup\cdots\cup L(A_{n+1})$ .
Proposition 4.4 For
any 7? $+1(n\geq 1)$ deterministic $F$-automata $A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>(1\leq i\leq n+1)$ .
if $A_{1}\cup\cdot$ $..\cup A_{n}\geq A_{n+1}$ , then it holds $L(\Pi(A1, \cdot\cdot, , An)\mathrm{I}\supseteq L(A_{n+1})$.
Let $n\geq 1$ , and $A_{i}=<\underline{\nabla},$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i,fi}>(1\leq i\leq n+1)$ be $n+1$ deterministic F-
automata. As in Definition 4.4, define the deterministic finite automaton $\mathrm{I}\mathrm{I}(A_{1,+1}\ldots, A_{n})=<$
$\Sigma,$ $Q,$ $\delta,$ $\{s\},$ $F>$ .
Definition 4.5 For any $w$ $\in$ $\Sigma^{+}$ , define a deterministic finite automaton $A(w)$ $=<$
$\underline{\nabla}.Q(w),$ $\delta(u’),$ $\{s\},$ $F(u))>$ as follows.
(1) $Q(w)=$ { $(p_{1},$ $\cdots$ , $p_{n+1})|f_{or.\underline{\sigma}_{O}}m\epsilon x,$ $y\inrightarrow,$$w\nabla^{*}=xy$ and $(p_{1},$ $\cdots,pn+1\mathrm{I}=\delta(S,$ $x)$ }
(2) 6 $(n’)$ is a mapping from $Q(w)\cross\Sigma$ to $Q(\iota v)$ $( \delta(w) : Q(w)\mathrm{x}\Sigmaarrow Q(w))$ , and for
$\forall(p_{1}.\cdots,p_{n+}1)\in Q(w)$ and $\forall a\in\underline{\nabla}$ , define $(2.1)’(\mathit{2}.2)$ .
(2.1) If for some $x,$ $y\in u\nabla^{*}$ , it holds $w=xay$ and $(p_{1}, \cdots,p_{n}+1)=\delta(s, x)$ , then
$\delta(w)((p1, \cdots,p_{n}+1), a)=\delta((p1, \cdots,pn+1), a)$
(2.2) Otherwise 6 $(w)((p1, \cdots,pn+1), a)=\emptyset$
(.3) $F(w)=\{\delta(s, u’)\}\cap F$
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Definition 4.6 Define a set $S(A_{1,+1}\ldots, A_{n})$ by: $S(A_{1,+}\ldots, A_{n}1)=\{A(w)|w\in\Sigma^{+}\}$
Definition 4.7 For $m\geq$ landl $\leq r\leq m$ , put ${}_{m}P_{r}=m(m-1)\cdots(m-(r-1))$ .
Definition 4.8 Define an integer $I(A_{1,+1}\ldots, A_{n})$ as follows, where $m=|Q|\cross|\Sigma|$ .
$I(A_{1}, \cdots, A_{n+1})=(_{m}P_{1}+_{m}P_{2}+\cdots+_{m}P_{m}+1)(|Q|+1)$
Definition 4.9 Let $w\in\underline{\nabla}+\mathrm{a}\mathrm{n}\mathrm{d}A(w)=<\Sigma,$ $Q(u)),$ $\delta(w)$ , {.-s}, $F(w)>$ . For $\forall p\in Q(w),$ $j\geq$
$1,$ $a_{1},$ $\cdots$ , $a_{i}\inrightarrow\nabla$ , if it holds $\delta(w)(p, a_{1}\cdots a_{i})=p$ and $i=1$ or for $0\leq j<k\leq?$ , it holds
6 $(n’)(p, a_{1}\cdots a_{j})\neq\delta(w)(p, a_{1}\cdots a_{k})$ , then $(p, a_{1}\cdots a_{i},p)$ is called a nlinimal cycle of $A(w)$ .
$\mathrm{L}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{n}\mathrm{a}4.1$ For any $w\in\Sigma^{+},$ $A(w)$ has at most ,${}_{n}P_{1}+_{m}P_{2}+\cdots+_{\gamma \mathit{1}},P_{n\mathrm{z}}$ mininlal cycles. Here
$’??=|Q|\cross|\Sigma|$ .
[Proof] Let $c$ $=$ $(p, a_{1}\cdots a_{i,p})$ be a minilnal cycle of $A(w)$ . If $j$ $=$ 1, then the
number of such $c$ is at $\mathrm{m}\mathrm{o}\mathrm{s}\mathrm{t}_{m1}P$ $=$ $m$ . If $i$ $\geq$ 2, then for each $c$ , put $t(c)$ $=$
$((p, a_{1}),$ $(\delta(p, a_{1}),$ $a_{2}),$ $\cdots$ , $(\delta(p, a_{1}\cdots ai-1),$ $a_{i}))$ . Since $c$ is a minimal cycle, each of $i$ pairs of
$t(c)$ is distinct. Thus $i\leq m$ and the number of minimal cycles of length $i$ is at most ${}_{m}P_{i}$ . Hence
the total number of minimal cycles is at most ${}_{m}P_{1}+_{m}P_{2}+\cdots+_{m}P_{m}$ . $\square$
$\frac{\mathrm{p}_{\mathrm{r}\mathrm{o}_{\mathrm{P}^{\mathrm{O}}}}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}4.5}{[\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}]\mathrm{p}_{\mathrm{u}}\mathrm{t}B}=S(A_{1}\{A(u")|w’\in\Sigma A_{n+1+_{and|u}})=\{A(,w)|<I|w\in\Sigma+an(A1,\cdot,Adn+|w_{1}|<I)\}.\mathrm{w}_{\mathrm{e}}\mathrm{s}\mathrm{h}\mathrm{a}\mathrm{l}1\mathrm{p}\mathrm{r}\mathrm{o}(A_{1}, \cdots,A_{n}+1)\}\mathrm{e}\mathrm{V}\mathrm{b}.\mathrm{y}$
induction
on $|u$) $|$ that for $\forall w\in\Sigma^{+},$ $A(w)\in B$ . When $|w|<I(A_{1,n+1}\ldots, A)$ . the assertion is clear.
Assume that for $|w|$ with length less than $k+1$ , the assertion holds, $\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{d}$ consider the case
$|w|=k+1\geq I(A_{1}, \cdots, A_{n+1})$ . Put $m=|Q|\cross|\Sigma|,$ $q=_{m}P_{1}+_{m}P_{2}+\cdots+_{m}P_{m}+1$ . Since
$|w|\geq I(A_{1}, \cdots, A_{n+1})$ , there exists a decomposition of $w,$ $w=u$)$1^{1D}2\ldots wwqq+1$ with $|u_{i}’|=$
$|Q|+1(1\leq ? \leq q)$ . Since $|w_{i}|=|Q|+1$ , in the path of $A(u)),$ $(.\underline{\sigma}, w_{1}u)2\ldots u)qu_{q}’+1,$ $\delta(s, u))),$ $\mathrm{i}\mathrm{l}\mathrm{t}$
each part of $w_{i}$ , there exists a lninimal cycle $(p_{i}, v_{j},pi)$ . Here $w_{i}$ is decompsed as $w_{i}=x_{i}v_{i}y_{i}$ .
Namely in $A(w)$ , there exists a path
( $1,,$ $y_{1^{X}}2,p2,$ $v2,p2,$ $y2x_{3,\cdots,y}-1xp_{qq}qq$” $pqy_{q}w_{q}+1,$$\delta v $, (.-s, $u’)$ )
The nulnber of minimal cycles is at most $q-1$ by Lemma 4.1. Thus for some $1\leq i<j\leq q$ ,
it holds $(p_{i}, v_{i},p_{i})=(p_{J}, v_{i},pj)$ . Now by putting $w’=w_{1}w_{2}\cdots w_{j-}1x_{j}y_{j}u’ j+1\ldots u$ ) $q+1$ , we can
see.A$(u”)=A(u))$ by definition of minimal cycles and $A(u’)$ . By induction, $A(u”)$. $\in B$ . Hence
$A(w)\in B$ . $\square$
$\underline{\mathrm{D}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}4.10}$ When for $w\in\Sigma^{+}\mathrm{n}L(A_{n+}1),$ $A(w)$ has a minimal cycle, define the following
(1)$-(2)$ .
(1) $MCD(w)$ denotes the set of all sequences
$(s, x_{1},p_{1}, y_{1},p_{1}, x2,p_{2}, y_{2},p2, \cdots, x_{k},pk, y_{k},pk, Xk+1,pk+1)$
which satisfy the following $(1.1)-(1.2)$ . Each sequence in $MCD(w)$ is called a minimal
cycle decomposition of $\omega$ .
(1.1) $w=x_{1}y_{1^{X_{2y_{2}}}}\cdots Xky_{k}xk+1$
(1.2) For each $1\leq i\leq k,$ $p_{i}=\delta(s, x_{1}y_{1}X_{2y_{2}}\cdots X_{i-1}yi-1xi)$ . $(p:, y_{i},pi)$ is a minimal cycle
of $A(w)$ and it holds $|x_{i}|\leq|Q|$ .
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(2) Let $MCD(u))=\{\beta_{1}, \beta_{2}, \cdots , \beta_{t}\}(t\geq 1)$. For each $\beta_{i}(1\leq i\leq t)$ , define a set of linear
inequlities $LIs_{(u}$), $\beta_{i}$ ) as follows.
Let $,/\mathit{3}_{i}=$ $(.\sigma, x_{1,\mathrm{P}1}, y_{1},p1, X2,p_{2_{\text{ }}}.y2,p_{2}., \cdots , x_{k},p_{k}, y_{k},pk, x_{k+1\mathrm{i}}pk+1)$ . The set of following
inequlities over $k$ variables $X_{1}.X_{2,k}\ldots,$$x$ is $LIS(w, \beta_{i})$ .
For each $1\leq i\leq n$ ,
$X_{j}\geq 0(1\leq j\leq k)$
$a_{i}+b_{i1}X_{1}+b_{i2}X_{2}+\cdots+b_{ik}X_{k}<a_{n+1}+b_{n+11}x_{1}+b_{n+12}x_{2}+\cdots+b_{n+1k}X_{k}$
Here $a_{f}=F(x_{1}X_{2}\cdots X_{k}+1, A_{f})(1\leq f\leq n+1)$ , and for each $1\leq f\leq n+1,1\leq j\leq k$ ,
$b_{fj}=e_{f}(\delta_{f^{(X_{1}x}}s_{f},2\ldots X\dot,),$ $y_{\dot{J}}\text{ }.\delta_{f}(s_{f,12i}xx\cdots x))$ .
Lemma 4.2 The following two conditions are equivalent.
(1) $A_{1}\cup\cdots\cup A_{n}\geq A_{n+1}$
(2) For any $w\in\Sigma^{+}\cap L(A_{n+1}),$ $(2.1)$ or (2.2) holds.
(2.1) If $A(w)$ has no minimal cycle, then it holds $F(w, A_{1}\cup\cdots\cup A_{n})\geq F(w, A_{n+1})$
(2.2) If $A(w)$ has a minimal cycle, then for eacy minimal cycle decomposition of $w,$ $\beta\in$
$MC’D(w)$ , the simultaneous linear inequlities $LIS(w, \beta)$ have no integer solution.
[Proof] (1) $\Rightarrow$ (2). Assulne (1) holds. Clearly (2.1) holds. $\mathrm{A}\mathrm{s}\mathrm{S}\mathrm{u}\mathrm{n}\mathrm{l}\mathrm{e}$ that for $w\in$
$\Sigma^{+}\cap L(A_{n+1}),$ $A(\iota v)$ has a minimal cycle, and consider a minimal cycle decomposition of
$\mathrm{t}L$” $\beta=(S, x1,p1, y1,p1, x2,p_{2}, y2\cdot p2, \cdots, xk,p_{k\cdot yp}k,k, x_{k}+1,p_{k}+1)$ . By definition of $\beta$ , for any
$i_{1}\geq 0,$ $\cdots,$ $i_{k}\geq 0$ , the following hold.
$x_{1}y_{12y_{2}}^{i_{1}i_{2}}X\cdots xky_{k}^{i_{k}}x_{k1 ,i_{k}}+\in L(A_{n+1})$ and
$F$ ( $x_{1}y_{1}^{i_{1}}x2y_{2}^{i}\cdots$ X$2$ kyk $1\cup\cdots\cup$$x_{k+1},$$AA$ )$n\geq F(_{X_{1y^{i}x_{2}y_{2}}}1+1, A_{n}1i_{2}\ldots i_{k})x_{k}y_{k}x_{k}+1$
From this, one can see $LIS(w, \beta)$ has no integer solution.
(2) $\Rightarrow$ (1). We shall prove the contraposition. Assume (1) does not hold. There exists
$w\in\Sigma^{+}\cap L(A_{n}+1)$ such that $F(w, A_{1}\cup\cdots\cup A_{n})<F(u),$ $A_{n+1})$ . If $w$ has no minimal cycle,
then (2.1) does not hold. If $w$ has a minimal $\mathrm{c}\mathrm{y}\mathrm{c}$.le, consider any lninimal cycle decomposition
of $\iota\iota$” $\beta=(S, X_{1},p1, y_{1},p1, x_{2,p2,yp2}2\cdot, \cdots, Xk,pk., yk,pk\cdot xk+1,p_{k+1})$, and let $LIS(u” \beta)$ be the
following simultaneous linear inequlities.
$X_{j}\geq 0(1\leq j\leq k)$
$a_{i}+b_{i1}X_{1}+b_{i2}X_{2}+\cdots+b_{ik}X_{k}<a_{n+1}+b_{n+11}X_{1}+b_{n+12}X_{2}+\cdots+b_{n+1k}.x_{k}(1\leq i\leq n)$
Here $a_{i}$ and $b_{ij}$ are as in Definition 4.10. Since $F(w, A_{1}\cup\cdots\cup A_{n})<F(w, A_{n+1}),$ $LIS(w, \beta)$
has an integer solution $X_{1}=X_{2}=\cdots=X_{k}=1$ . Hence (2.2) does not hold. $\square$
Theorem 4.3 The following three conditions are equivalent.
(1) $A_{1}\cup\cdots\cup A_{n}\geq A_{n+1}$
(2) For each $w\in\Sigma^{+}\cap L(A_{n+1})$ with length less than $|Q|\cross I(A_{1\cdot n+1}\ldots.A)$ , the following
(2.1) or (2.2) holds.
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(2.1) If $A(w)$ has no minimal cycle, then it holds $F(w, A_{1}\cup\cdots\cup A_{n})\geq F(w, A_{n+1})$
(2.2) If $A(w)$ has a minimal cycle, then for each minimal cycle decoposition of $w,$ $\beta\in$
$MCD(w)$ . the simultaneous linear inequlities $LIS(w, /\mathit{3})$ have no integer solution.
(3) For any $w\in\underline{\nabla}+\cap L(.4_{n+1})$ , the following (3.1) or (3.2) holds.
(3.1) If $A(u’)$ has no minimal cycle, then it holds $F(w, A_{1}\cup\cdots\cup A_{n})\geq F(w, A_{n+1})$
(3.2) If $A(w)$ has a minimal cycle, then foe each minima cycle decoposition of $w,$ $\beta\in$
$MCD(w)$ , the simultaneous linear inequlities $LIS(w, \beta)$ have no integer solution.
[Proof] (1) $\Rightarrow(2)$ and (3) $\Rightarrow(1)$ hold from Lemma 4.2. Thus it suffices to prove (2) $\Rightarrow(3)$ .
Assume (2) holds. We shall prove (3) by induction on $|w|$ . When $|w|<|Q|\cross I(A_{1,+1}\ldots, A_{n})$ ,
the assertion is clear. Assume (3) holds for each $w\inarrow\nabla^{*}$ with length at most $k\geq|Q|\mathrm{X}$
$I(A_{1}, \cdots, A_{n+1})-1$ . Consider $w\in\Sigma^{*}$ with $|w|=k+1\geq|Q|\mathrm{x}I(A_{1}, \cdots, A_{n+1})$ . Since
$|w|\geq|Q|\cross I(A_{1}, \cdot \mathrm{v}\cdot, A_{n}+1),$ $A(w)$ has a minimal cycle. Consider a minimal cycle decomposition
of $w,$ $\beta=(S, x_{1},p1, y_{1},p1\cdot X2,p2, y_{2},p_{2}, \cdot , , , X_{k,p_{k}}, yk,pk, xk+1,pk+1)$. It suffices to show the
simultaneous inequlites $LIS(w,\beta)$ have no integer solution. Let $LIS(w, \beta)$ be of the $\mathrm{f}\mathrm{o}\Pi_{\mathrm{o}\mathrm{w}\mathrm{i}}\mathrm{n}\mathrm{g}$
form as in Definition 4.10.
$X_{j}\geq 0(1\leq j\leq k)$
$a_{i}+b_{i1}X_{1}+b_{i2}X_{2}+\cdots+b_{ik}X_{k}<a_{n+1}+b_{n+11}X_{1}+b_{n+12}X_{2}+\cdots+b_{n+1k}X_{k}(1\leq\dot{?}\leq \mathit{7}?)$
Assume these silnultaneous inequlities have an integer solution $X_{j}=r_{j}(1\leq.;\leq k)$ . Since
$|w|\geq|Q|\cross I(A_{1}.\cdots, A_{n+1})$ , there exists $1\leq f<g\leq k$ such that the minimal cycle $(p_{f}, y_{f},p_{f})$
and the minimal cycle $(p_{g}, y_{g}\{.p\mathit{9})$ are the same. Consider the word
$v=x_{1}y_{1}X2y_{2}\cdots x_{f}y_{f}xf+1y_{f}+1\ldots x-1y\mathit{9}g-1xx_{g}g+1y\mathit{9}+1\ldots XkykXk+1$
The word $v$ has the minimal cycle decomposition
$\beta’=(s,$ $x1,p1,$ $y_{1},p1,$ $x2,p2,$ $y2,p2,$ $\cdots,$ $Xf\text{ }.pf,$ $yf,p_{f},$ $Xf+1,pf+1,$ $y_{f}+1,pf+1,$ $\cdots$
$\ldots,$ $x_{g-1},p_{g-1},$ $y_{g}-1,pg-1,$ $A,p_{\mathit{9}}+1,$ $yg+1,p_{g+1},$ $\cdots,$ $x_{k},p_{k},$ $yk,p_{k},$ $Xk+1,pk+1)$
Here $A$ is $x_{\mathit{9}}xg+1$ if $|x_{\mathit{9}}x_{\mathit{9}}+1|\leq|Q|$ , and otherwise the corresponding minimal cycle.
We consider the case $A=x_{g}x_{g+1}$ . In the other case, the proof is similar. The simultaneous
linear inequlities $LIS(v,\beta’)$ are of the following form.
$Y_{g}\geq 0(1\leq g\leq k-1)$
$c_{f}+.d_{f1}Y_{1}+d_{f2}Y_{2}+\cdots+dfk-1Yk-1<$
$c_{n+1}+d_{n+11}Y_{1}+d_{n+12}Y_{2}+\cdots+d_{n+1}1k-1Y_{k-}(1\leq f\leq n)$
By comparing $LIS(w,\beta)$ with $LIS(v, \beta’)$ , one can see easily that $LIS(v,\beta’)$ have the following
integer solution.
(i) $Y,\cdot=r_{j}(1\leq j<g, j\neq f)$
(ii) $Y_{f}=r_{f}+r_{g}$
(iii) $Y_{j}=r_{j+1}(g\leq j\leq k-1)$
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Since $|v|<|w|$ , this is a contradiction to the inductive hypothesis. Thus $LIS(w, \beta)$ have no
integer solution. Hence (3) holds. $\square /$
By Theorem 4.3, the inequlity problem of union $F$-automata can be reduced to the problem of
solving simultaneous linear inequlities. The latter problem is decidable [3]. Thus the following
theorem holds.
Theorem 4.4 The inequlity problem of union $F$-automata is decidable.
4.2.3 Decidability of the equivalence problem of union F-automata
Definition 4.11 The following propblenu is called the equivalence problenl of union F-
autolnata.
Problem input : $m(7n\geq 1)\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{S}\mathrm{t}\mathrm{i}\mathrm{c}$ F-automata
$A_{i}=<\Sigma,$ $Q_{i},$ $\delta_{i},$ $\{s_{i}\},$ $F_{i},$ $f_{i}>(1\leq i\leq m)$ .
$n(n\geq 1)$ deternlinistic F-automata
$A_{m+j}=<\Sigma,$ $Qm+J^{\cdot}’\delta_{m+}j,$ $\{Sm+j\},$ $Fm+j,$ $f_{m+}j>(1\leq j\leq n)$ .
output : if $A_{1}\cup\cdots\cup A_{m}\equiv A_{m+1}\cup\cdots\cup A_{m+n}$ , then ”yes”.
if $A_{1}\cup\cdots\cup A_{m}\not\equiv A_{m+1}\cup\cdots\cup A_{m+n}$ , then ”no”.
Theorem 4.5 The equivalence problem of union $F$-automata is decidable.
[Proof] Fronl Proposition 4.2 and Theorem 4.4, the assertion follows imnlediately. $\square$
5 Decidability of the equivalence problem of finitely ambigu-
ous F-automata
In this section, we shall prove decidability of the equivalence problem of finitely ambiguous
$\mathrm{F}$-automata. To do this, we shall present an algorithm for decomposing a finitely ambiguous
$\mathrm{F}$-automaton $A$ to a finite set of detelministic $\mathrm{F}$-automata whose union is equivalent to $A$ .
5.1 Finitely ambiguous F-automata
In this subsection, we prove the problem of decidibg whether a given $\mathrm{F}$-automaton is finitely
ambiguous is decidable. This result is already known, but we shall present the proof since the
proof seems new.
$\underline{\mathrm{D}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}5.1}$ For a nondeterministic $F$-automaton $A=<\Sigma,$ $Q,$ $\delta,$ $S,$ $F,$ $f>$ and a word
$w=a_{1}a_{2}\cdots a_{m}\in L(A)(m\geq 1, a_{i}\in\Sigma)$ , a successful path of $w$ is a path spelling $u$’ from $S$ to
$F$ , i.e.,
path $(p_{0}, a_{1p,2},1a,p_{2}, \cdots ,p_{m-1}, a_{m},p_{m})$
Here $p_{i}\in Q(0\leq i\leq 7?\overline{l})$ . $\mathit{1}^{J},$ $\in\delta(p_{j-1}, aj)(1\leq j\leq m),$ $p_{0}\in S,$ $p_{n\iota}\in F$ .
Definition 5.2 A nondeterlllinistic $F$-autonlaton $A=<\Sigma,$ $Q,$ $\delta,$ S., F. $f>$ is k- $\mathrm{a}\mathrm{n}\mathrm{l}\mathrm{b}\mathrm{i}\mathrm{g}_{\mathrm{U}}\mathrm{o}\mathrm{u}\mathrm{b}$ if
there exists a positive integer $k$ such that for any $w\in L(A)$ , the number of successful $\mathrm{p}\mathrm{a}\mathrm{f}\mathrm{h}\mathrm{c}\backslash (|$
$w$ is at nlost $k.$ $A$ is finitely $\mathrm{a}\mathrm{n}\mathrm{l}\mathrm{b}\mathrm{i}\mathrm{g}_{\mathrm{U}\mathrm{o}}\mathrm{u}\mathrm{S}$ if for some positive integer $k$ , it is k-ambiguous.
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Ill the following, we shall present a necessary and sufficient condition for a nondeterministic
$\Gamma^{\mathrm{f}}$-automaton $A=<\Sigma,$ $Q,$ $\delta,$ $S,$ $F,$ $f>$ not to be finitely ambiguous.
Definition 5.3 Let $A=<-\nabla,$ $Q,$ $\delta,$ $S,$ $\tau,$ $f>$ be a nondeterministic $F$-automaton. For any
$\iota v\inarrow\nabla+\cap L(A)$ and a decomposition of $w,$ $w=uv(u, 1)\in\Sigma^{*}),$ $SP(A, \iota v, u)$ denotes the nunlber
of subpaths appearing at the part from $S$ to $\delta(S, u)$ of all successful paths of $u’$ . We denote by
$Q(A, w, u)$ the set { $q\in Q|q\in\delta(S,$ $u)$ and $\delta(q,$ $v)\in F$}.
Theorem 5.1 For any nondeterministic $F$-automaton $A=<\Sigma,$ $Q,$ $\delta,$ $S,$ $F,$ $f>$ , the following
three conditions are equivalent. ..
(1) $A$ is not finitely ambiguous.
(2) There exist $u’\in\underline{\nabla}+\cap L(A)$ with length at most $\mathit{2}^{|Q|+2}$ and a decomposition of $1L’$ . $\mathrm{t}\mathit{1}$) $=.’\iota\cdot y_{\sim}^{\sim}$ .
such that it holds $x,$ $z\in\underline{\nabla}^{*}$ . $y\in\Sigma^{+},$ $Q(A. u” x)=Q(A. n” xy)$ and $SP(A, \iota\iota" x)<$
$SP(A, w, xy)$ .
(3) There exists $w\in\Sigma^{+}\cap L(A)$ such that the number of successful paths of $w$ is at least
$|Q|^{2^{|Q|}}$
[Proof] Put $m=|Q|$ .
(1) $\Rightarrow(2)$ . Assume (2) does not hold. Put $n= \max\{sP(A, w, u))|w\in\Sigma^{+}\cap L(A)$ and $|w|\leq$
$\mathit{2}^{m+2}\}$ . For $w\in\Sigma^{+}\cap L(A)$ , we shall prove by induction on $|w|$ that it holds $SP(A, w, ?1’)\leq n$ ,
and for a decomposition of $w=xyz$ as (2), it holds $SP(A, u” x)=SP(A, u),$ $xy)$ .
When $|w|\leq 2^{m+2}$ , the assertion is clear.
Let $|u’|>2^{m+2}$ , and assume for any word with length less than $|n’|$ , the assertion holds.
Consider a decomposition of $w$ as (2), $w=xyz,$ $\backslash ’\iota\cdot,$ $z\in\Sigma^{*},$ $y\in\underline{\nabla}+,$ $Q(A, u” x)=Q(A, w, xy)$ .
Since $|u$) $|>2^{m+2}$ , it holds $|x|\geq 2^{m},$ $|y|\geq 2^{m+1}$ or $|z|\geq 2^{m}$ . We shall present the proof in the
case $|x|\geq 2^{m}$ . Other cases can be handled similally.
Since $|x|\geq 2^{m}$ , there exists a decomposition of $x,$ $x=x_{0}y_{0}x_{1}$ , such that $Q(A, u” X_{0})=$
$Q(A, w, x0y0),$ $x_{0},$ $x_{1}$ $\in$ $\underline{\nabla}^{*}$ , $y_{0}$ $\in$ $\Sigma^{+}$ . Put $w_{0}$ $=$ $x_{0}y0x_{1}Z$ and $u_{1}$’ $=$ $x_{0}x_{1}y\mathcal{Z}$ . By
induction, $SP(A, w_{0}, x\mathrm{o})$ $=$ $SP(A, w0, x0y_{0})$ , $SP(A, \iota v_{1}, x0x1)$ $=$ $SP(A, w_{1}, x0x1y)$ and
$SP(A, u_{0,0}’ w),$ $sP(A, u_{1}" w1)\leq n$ . .$\cdot$. .
Then on can see the following holds.
$SP(A, w, x)=SP(A, n),$ $xy)$ and $\ddagger 5’P(A, 1" u’)\leq n$
Hence $A$ is finitely ambiguous.
(2) $\Rightarrow$ (1). Assume there exist a word $w$ and a decomposition of $w,$ $u’=xyz$ , satisfy-
ing (2). Since $Q(A, w, x)=Q(A, w, xy)$ , for any $i\geq 0,$ $Q(A, w, xy^{i})=Q(A, w, x)$ . Let
$Q(A, w, x)=\{p_{1},p2, \cdots,p_{r}\}$ . Since $w\in L(A),$ $r\geq 1$ and $SP(A, u” x)<SP(A, u" Xy)$ , there
exists $p_{j}\in Q(A, w, x)$ such that $|\delta(pi, y)\cap Q(A, w, x)|\geq \mathit{2}$. Then for any $i\geq 1$ , by com-
paring $sP(A, w, Xy^{i-1})$ and $SP(A, w, xy^{i})$ , on can see that for each path $P$ of $xy^{i-1}$ form $S$
counted in $SP(A, w, xy^{i-1})$ , when $y$ follows $xy^{i-1}$ , a subpath of $y$ after $P$ continues to $F$ . Thus
$SP(A, w, xy^{i})\geq SP(A, w, xy^{i-1})$ .
Moreover in the subpath corresponding to $p_{j}$ , when $y$ follows $xy^{i-1}$ , the number of subpaths
increases. Thus $SP(A, w, xy^{i})>SP(A, w, xyi-1)$ . By induction on $i$ , it holds
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$SP(A, w, xy^{i})\geq r+i$
Hence $A$ is not $\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{y}$
.
ambiguous.
(1) $\Rightarrow(3)$ is clear.
(3) $\Rightarrow(1)$ . If $A$ is finitely ambiguous, then in the proof of (1) $\Rightarrow(2)$ . for any $w\in\Sigma^{+}\cap L(A)$ .
there exists $v\in\Sigma^{+}\cap L(A)$ with length at most $2^{|Q|}-1$ such that the number of successful
paths of $w$ is equal to that of $v$ . Thus if $v=a_{1}\cdots a_{m}(a_{i}\in\Sigma)\text{ }$. then for each $a_{i}$ , the number of
successful subpaths corresponding to the part of $a_{i}$ increases at most by factor $|Q|$ . Hence (the
nulnber of successful paths of $u’$ ) $=$ (the number of successful paths of $v$ ) is at most $|Q|^{2^{|Q|}}-1$ .
The following theorem holds.
Theorem 5.2 It is solvable to decide whether $\mathrm{a}\mathrm{l}\tau \mathrm{y}$ given nondeterministic $F_{- \mathrm{a}\mathrm{u}\mathrm{t}_{01}11}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{n}$ is
finitely ambiguous.
5.2 $\mathrm{D}\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{P}^{\mathrm{o}}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of finitely alnbiguous F-automata
We consider the following problem.
Problem Find an $\mathrm{a}_{0}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{n}1$ for deconlposing any given finitely ambiguous F-automaton
$A$ to a union $\mathrm{F}$-automaton equivalent to $A’$ , that is, finding a set of deterministic F-automata
$A_{i}(1\leq i\leq m, m\geq 1)$ satisfying $A\equiv A_{1}\cup\cdots\cup A_{m}$ .
Fronl the following Definition 5.4 to Theorem 5.3, let $A=<\Sigma,$ $Q,$ $\delta,$ $S,$ $F,$ $f>$ be a finitely
ambiguous F-automaton.
Definition 5.4 For any $w$ $\in$ $\underline{\nabla}+$
with length at most $|Q|$ and a path $P=$ $(p_{0}, a1\cdot p1\cdot\ldots , p\eta\tau-1, a_{m}.pn\tau)$, define a deterministic
$\mathrm{F}_{- \mathrm{a}\mathrm{U}\mathrm{t}\mathrm{o}}\mathrm{n}\tau \mathrm{a}\mathrm{t}\mathrm{o}\mathrm{n}A(P)=<\underline{\nabla},$ $Q_{p.\delta_{P}},$ $SP\cdot F_{P}.fp>$ as follows.
(1) Let $X=\{q_{0}.*’. , q_{??},\}$ be a new set with $???+1$ elements. Then put $Q_{P}=X$ .
(2) For each $0\leq \mathrm{i}\leq 7??$ . define the following.
$\delta_{P}(q_{i}, a_{i})=qj+1,$ $fP(q_{j}, a_{i}, qi+1)=f(p_{i}, ai,pi+1)$
.
$S_{P}=\{q_{0}\},$ $F_{P}=\{q_{n\tau}\}$ if $p_{m}\in F$ and $F_{P}=\phi$ otherwise.
Definition 5.5 For any $w$ $\in$ $\mathrm{r}\nabla+$ with length greater than $|Q|$ and a path of $n$”
$P$ $=$ ($p0,$ $a_{1\cdot p1},$ $a2,p2,$ $\cdots,p_{m-1},$ a $p$m’ $m$ ). define a deterministic $F_{- \mathrm{a}\mathrm{U}\mathrm{t}_{0}}111\mathrm{a}\mathrm{t}_{\mathrm{o}\mathrm{n}}A(P)$ $=<$
$\underline{\nabla},$ $Q_{P},$ $\delta p,$ $Sp,$ $Fp,$ $fP>$ as follows.
(1) Let $X=\{q0, \cdots.q_{n}\tau\}$ be a new set of $m+1$ elements.
(2) For each $i\geq 0$ , define an equivalnece relation $\equiv_{i}$ over $X$ inductively as follows. where
$\epsilon quiu_{i}+1$ is a refinement of $equiv_{i}$ for $i\geq 0$ .
(2.1) For any $q_{\dot{j}},$ $q_{k}\in X$ . $q_{J}\cdot\equiv_{0}q_{k}$ iff $p_{\dot{j}}=p_{k}$ .
(2.2) For $0\leq r\leq m$ , let $B=\{q\in X|q\equiv_{0}q\uparrow.\}=\{q_{J1}., \cdots , q_{j_{k}}\},$ $0\leq j_{1}<\cdots<j_{k}$. $\leq???$ . Then
$\equiv_{1}$ over $B$ is the maximal equivalence relation such that for any $1\leq s<t\leq k,$ $q_{j_{\backslash }}\vee\not\equiv_{1}q_{j_{t}}$ iff
$a_{j_{\mathrm{e}}+1}.=a_{j_{t}+1}$ and $p_{j_{\underline{4}}+1}\neq p_{j_{r+}}1$ .
(2.3) For any $i\geq 1$ and $q_{j},$ $q_{k}\in X,$ $q_{j}\equiv_{i}q_{k}$ iff (i) $q_{j}\equiv_{i-1}q_{k}$ and $q_{j+1}\equiv_{i-1}q_{k+1}$ if $k+1\neq m$ .
and (ii) $q_{j}\underline{=}_{i-1}q_{k}$ if $k+1=m$ .
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(3) Let $\equiv’$ be the equivalnece relation over $X$ such that for some $i\geq 0,$ $\equiv’=\equiv_{i}=\equiv_{i+}1$ . Define
the equivalence relation $\equiv \mathrm{b}\mathrm{y}:\forall 0\leq j<k\leq m-1,$ $q_{j}\equiv q_{k}$ iff $q_{j}\equiv’q_{k}$ and if for $\exists 0\leq j\leq m-1$ ,
$q_{j}\equiv^{J}q_{m}-1$ , then $q_{m}\equiv q_{j+1}$ . For each $q\in X$ , let $[q]$ denote the equivalnece class of $q$ under $\equiv$ .
(4) Define $Q_{P}=\{[q]|q\in X\}$ and for each $0\leq i<m$ and $a_{i}\in\Sigma$ , define the following.
(4.1) $\delta_{P}([q_{i}|, a_{i})=[q_{i+1}|$
(4.2) $f_{P}([q_{i}], a_{i}, [q_{i+1}])=f(pi, ai,p_{i}+1)$
(5) $S=\{[q_{0}]\},$ $F=\{[q_{m}]\}$ if $p_{m}\in F$ , and $F=\phi$ otherwise.
The following proposition is clear.
Proposition 5.1 For any $u$) $\in\Sigma^{+}$ and a path $P$ of $w,$ $A(P)$ is deterministic.
The following proposition is clear since $A$ is finitely ambiguous.
Proposition 5.2 $S(A)$ is a finite set.
The following theorem holds.
Theorem 5.3 For any given finitely ambiguous $F$-automaton $A=<\Sigma,$ $Q,$ $\delta$), S. $F,$ $f>$ , one
can construct a finite set of deterministic $\mathrm{F}$-automata $\{A_{1}, \cdots.A_{m}\}(7n\geq 1)$ such that $A\equiv$
$A_{1^{\cup\cdots\cup A}\eta}$ .
[Proof] For each $j\geq 1$ , construct the set of deterministic $\mathrm{F}$ -automata $Y_{i}$ by $Y_{j}=\{A(P)|$
for some $w\in\nabla_{\cup}^{i},$ $P$ is a path of $w$ } untill it holds $Y_{k}=Y_{k+1}$ for some $k\geq 1$ . Such $k$ exists
since $S(A)$ is a finite set. Then it holds $S(A)=Y_{k}$ . Let $Y_{k}=\{A_{1}, \cdots, A_{m}\}$ . Then it holds
$A\equiv A_{1}\cup\cdots A_{m}$ . $\square$
From Theorems 4.5 and 5.3, we have the following theorem.
Theorem 5.4 The equivalnec problem of finitely ambiguous $\mathrm{F}$-automata is decidable.
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